Abstract. This article is a rst step in establishing a link between the Donaldson polynomials and Seiberg-Witten invariants of a smooth 4-manifold.
2 VICTOR PIDSTRIGACH AND ANDREI TYURIN x1. Configuration spaces and its cohomology. Let c 2 H 2 (X) be a Spin c structure on X, i.e. a pair of complex hermitian rank 2 bundles W c ; c 1 (W c is the bundle of homomorphisms preserving the Hermitian structures.
Fix a pair of connections r on W such that their tensor product is the Levi Civita connection on TX (which is the same as xing the determinant r det = detr ). This de nes a Dirac operator: D g;r det : ?(W + ) ! ? (W ? ) ( 1.2) as a composition of the connection r + : ?(W + ) ! ?(W + T X) and the convolution along (1.1). We shall omit the superscripts if this will not cause confusion.
U(1) -monopoles.
Let us recall that the con guration space C detW + for U(1) The Seiberg-Witten moduli spaces M SW (!; c) are de ned as the space of solutions of the perturbed system (1,4 ! ) modulo the action of the gauge group. For a generic form ! the moduli space is cut out transversely and therefore smooth.
We shall also consider another perturbation -perturbation of the metric g. The similar "generic position" statement for this space of parameters is provided by the following Lemma 1.1. Fix some 2-form ! and consider the map Metr 1 A detW + ? (W + ) f ? ! ? (W ? ) 2 + (1.5) given by sending (g; ; r det ; ) ! (D g;r det ; (! + F r det ) + + ( ) 0 : (1.6) This map is a submersion. Proof. We shall remark rst that since the principal symbol of the Dirac operator, as well as of the Levi-Civita connection, doesn't depend on the metric, the dependence is given by the formula: 1) there exists only a nite set of classes c 2 H 2 (X) such that M SW (!; t; c) 6 = ;; 2) every moduli space M SW (!; t; c) is compact; 3) if X admits a metric with positive scalar curvature then M SW (0; t; c) = ; (in the relevant chamber in case b + 2 (X) = 1).
So we can see that the Seiberg-Witten system of equations (1.4) and (1.4 !;t ) is very strong and that the space of solutions is very rigid.
The strategy to get a non trivial solution is to consider a degenerated solution (r det ; 0) 2 M SW (!; c) for some ! and to use the description of Kuranishi map for this singular point.
Non abelian monopoles.
Now take a PU(r)-bundle on X and x its lift to a U(r)-bundle E that is x c 1 (E) 2 H 2 (X). As a con guration space consider the set of triples and the symmetry group of this system is given as the central extension
(1.14)
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The moduli spaces M SW (0; 2c 1 + rc; p 1 ) of Seiberg-Witten monopoles are de ned as a space of solutions of this system modulo the action of the gauge group (1.14), where p 1 is the Pontrjagin number of E. 2) if p 1 is negative enough then a generic degenerated solution (a 0 ; r det ; 0) can be deformed to a non trivial solution of the system (1.13 ! ) for any !.
3) if X admits a metric with positive scalar curvature then M SW (0; 2c 1 + rc; p 1 ) = ; always.
To get a more plastic moduli space we construct a system of equations which does not have any analog in the abelian case.
For simplicity we will consider the case of rk2 bundles only and use the following trick: if we x some connection b 0 on detW + then the rst pair of components (1.11) (a 0 ; r det ) is given uniquely by a U(2)-connection a on E. So instead of the space of triples (1.11) we can consider the space of pairs (a; ) 2 A(E) ?(E W + ) (1.17) as a con guration space and G E as a gauge group. Let ! 2 2 (X) be a two form in the cohomology class of ? ic 1 (E). Denote by A ! A E a subspace of the space of all U(2) connections a on the bundle E subject to the condition trF a = 2!; (1.18) tr : EndE ! C is a trace. The traceless part of the curvature F a ? 1 2 tr(F a ) will be denoted as (F a ) 0 = F a 0 .
A gauge group G E of E acts on both spaces A E and A ! with orbit spaces, resp., B E and B .
Let us consider the natural action of this group on the space A ! ?(W + E) with the orbit space denoted as C E . So C E is the bration C E ! B Stabiliser of the gauge action.
The stabiliser St = St (a; ) of a point (a; ) is at most U(2) -the largest possible stabiliser of the connection itself. There are three possibilities for St a U(2) (provided by the fact that St a is a centraliser of some subgroup of U(2)) except the trivial subgroup: S 1 ; S 1 S 1 ; U(2). The last one corresponds to the pair consisting of the trivial connection and the zero spinor. Its neighbourhood is modelled as N (0;0) =U(2).
The centre S 1 U(2) of the structure group is the stabiliser of a point of type (a; 0), where a is non-reducible. Orbits of such points form the subspace of the zero-section of the bration (1.19) B C E with neighbourhood U =Ũ=S 1 , wherẽ U is modelled on the total space of the bundle (1.19):
(1.22) S 1 acts with a weight one representation on the bres. The determinant of the universal bundle detE can be described as the S 1 -equivariant bundle over X Ũ associated to the tautological representation of S 1 in detE.
If the stabiliser S 1 of (a; ) is a di erent subgroup of U(2), namely the one which maps onto a maximal torus of PU(2), it means that the connection a = 1 2 is reducible due to some reduction of the bundle E = L 1 L 2 , and with spinor of the form ( 1 2 ); 1 = 0; 2 6 = 0 with respect to the same reduction of the bundle.
The subspace of all orbits of such a singularities is a subspace of
consisting of points subject to the condition F 1 + F 2 = 2! (which, given 2 , determines 1 up to gauge equivalence ) i.e. isomorphic to C L 2 . The neighbourhood U of this locus is modelled as follows:
This is the total space of the real cone bration
with weight one action of S 1 on the bres of the vector bundle, over C det (W + L 2 ) .
The restriction of the universal bundle to U is given as an S 1 S 1 -equivariant bration over the S 1 S 1 -space
(1.26) given by the natural action of S 1 S 1 on L 1 L 2 . This is equivalent to an S 1 -equivariant bundle L 1 L 2 O C det(W + L 2 ) (1) over the total space of the bundle
The cohomology ring of C E .
Let (A ! ?(W + E)) denote the subspace of all points in A ! ?(W + E) with trivial stabiliser. Denote by C E the corresponding orbit space. There is a universal bundle E over the space X C E E = E G E (A ! ?(W + E)) :
(1.28) The cohomology ring H (C E ; Q ) is generated by the 2-dimensional classes ( ) = 1 4 p 1 (E)= ]; t = c 1 (E)= pt]
(1.29) and the 4-dimensional class = (pt) = 1 4 p 1 (E)= pt] as it follows from the bration
(1.30) The space
where S() is the unit sphere bundle, is a deformation retract of C E and of the blow-upĈ E (cf. x3 below). Therefore the inclusion P E i ? !Ĉ E together with the projectionĈ E i ? ! P E induces an isomorphism in cohomology. Thus the restriction of the ; classes to the locus of reducibles of the rst type (as well as on it's link in the modi ed de nition) coincides with those for P E . The restriction of the t class is the generator of the bre C P 1 of the trivial bration (1.30).
For the locus of reductions of the second type description (1.26-1.27) of the restriction of the universal bundle to the neighbourhood of this locus gives the restriction of our generators. The link of this locus is a projective bundle
(1.32) with the restriction of the universal bundle given as
(1.35) De nition 2.1. We shall denote moduli space of orbits of solutions of (2.2), modulo the action of the gauge group as M g;!;t B (c + c 1 (E); p 1 (E)).
The in nitesimal properties of this system such as the deformation complex, normal cones of singularities and so on are related closely to the properties of the following system of equations The moduli space of orbits of the solutions of (2.2 0 ), modulo the action of the gauge group was denoted as MP(X; p 1 (E); c+c 1 (E)) (the moduli space of jumping pairs, see Def. of x1 of P] to the moduli space of SO(3)-instantons and the image of this map M g;! 1 (c + c 1 (E); p 1 (E)) = (MP(X; p 1 (E); c + c 1 (E))) M asd (2.5)
is called the moduli space of jumping instantons. On the set of solutions of the system (2.2) the gauge group action is not free. Possible stabiliser groups are S 1 ; S 1 S 1 ; U(2). The last one occurs as the stabilizers group of the solutions with trivial connection (on the trivial bundle) and zero spinor only.
The group S 1 may be a stabiliser of two types of solutions:
Singularities of the rst type. Solutions with = 0. This implies (F + a ) 0 = F + a 0 = 0 i.e. the (uniquely) corresponding PU(2) connection (a) 0 is antiselfdual. The stabiliser is the centre of U(2). We shall call these solutions reducibles of the rst type. The subspace of reducible solutions of the rst type is di eomorphic to the moduli space of asd connection for the adjoint bundle . Remark. There exists an elementary proof of this statement using the iterative procedure provided by the third equation of (2.2).
Singularities of the second type. Let Sing 2 be the set of solutions with reducible connections, which we lift to a U(2)-connection a, then the Levi-Civita PU(2)-connection on W + is lifted to U(2)-connection r + and F r + + F deta = 1 2 !: (2.9)
Moreover, a = 1 2 , due to some reduction of the bundle E = L 1 L 2 , and with a spinor of the form = 0 2 with respect to the same reduction of the bundle. For a reducible connection the harmonic spinor always splits in this way and we require the vanishing of the rst component. Here the stabiliser is of the form S 1 1 S 1 S 1 U(2). Let l i = c 1 (L i ), = l 1 ?l 2 and f = c + c 1 (E For a reduction of the rst type one has all the cross-terms in the deformation complex vanishing and it turns to be a direct sum of the deformation complex for the moduli of asd-connections and Dirac operator with stabiliser S 1 acting only on the spaces of sections of twisted spinors ?(W E) with weight one.
Let (a; ) = ( 1 2 ; 0 2 ) be a reduction of the second type. Its deformation complex is a sum of the deformation complexes of the U (1) Let us return to the beginning of the previous section. If we x the connections r on the spinor bundles W compatible with the Levi -Civita connection, then the Dirac operator (2.1) will depend on the U(2)-connection a and as the con guration space we can consider the space A ! ?(W + E) with the condition (1.18) instead of the rst equation of (2.2). We will do it in this section. From the Kuranishi description it follows that the point (a; ) is smooth if the obstruction space vanishes: H 2 (a; ) = 0. Our moduli space depends also on di erent continuous parameters i.e. metric, connection on detW + etc. It is the task of this section to prove that for generic parameters one has H 2 (a; ) = 0 for all solutions (a; ).
First we shall discuss transversality at reducible points. In order to get it we shall change the con guration space of our system. The following illustrates the reasons in the case of reducible solutions of the rst type.
Reductions of the rst type, i.e. (a; 0) with asd-connection a occur for a generic metric only if v:dim(M asd ) = ?2p 1 (E) ? 3(1 + b + 2 ) 0 (cf FU], Thm 3.1). It also follows that for a generic metric the asd-component of the deformation complex has vanishing second cohomology H 2 a = 0. Therefore the only possibility for H 2 (a; ) 6 = 0 is when cokerD a 6 = 0. Generally it is the case since the Chern class of the minus index bundle c indD a +1 (?IndD a ) does not vanish. This is a topological obstruction for the vanishing of the obstruction space H 2 (a;0) for all asd connections a. The Kuranishi description is given by a map The curvature of = 1 ? 2 has the form F = u for a two-form and u 2 kerd a 0 .
Deformations of the solution of the modi ed system are described by a sum of the deformation complex of the Seiberg-Witten moduli space at the point ( 2 ; 2 ) and the following picture for the deformations in the normal direction (compare 2.17-2.18): take the bundle Now directions where the deformation is not obstructed are given as the zero set of this section denoted by s 2 .
The dependence on metric is given through that of 2 and dependence on the 1-form is given by replacing ! by ! + d presents 2 as a section of
with linearization at the point (3.4) given by the di erential The assumption provides us with the nonzero point ( ; 1 ) 2 ker 2 for some solution a = 1 2 ; = 0 2 or in other words with a point in \ M g;! B (c + c 1 (E); p 1 (E)) lying over the corresponding Seiberg -Witten moduli space.
Lemma 3.1. With the assumptions as above the di erential (3.6) is epimorphic. Proof. We shall remark rst that if s 2 (a; 2 ; h ; 1 i) = 0 for (a; 2 ; h ; 1 i) 2 Therefore one can assume that for a generic metric and 1-form the second homology group vanishes and the reducibles of the second type are in general position. Thus for a generic parameter, the zero locus of the section s 2 is a smooth nitedimensional submanifold of the before mentioned projective bration with bre The following theorem shows that when some extra continuous parameters are added this is true also for non reducible solutions. As above, the dependence on the choice of metric and the form ! gives a gauge invariant smooth map: (3.11) If we prove that it is a submersion it will follow from Sard-Smale theorem that for generic g and ! the moduli space is smooth in the sense that the second homology of the corresponding deformation complex vanishes.
Theorem 3.1. The map w is a submersion.
Proof. Let Dw; Dv denote the di erentials of maps w; v resp. It follows from P-T, Prop.1.3.5] that if D (a; ) v j a= g= t=0 isn't onto then the connection a is reducible a = 1 2 and the spinor has the form = 0 2 , that is the case of the previous lemma. Now we shall use variations of the metric and connection to prove that D (a; ) w j = =0 = 2 + (pu (E) Remark. In case b + 2 (X) = 1 one has a chamber structure for both invariants.
Specifying chambers for Seiberg-Witten invariants related to some xed chamber for Donaldson polynomial one has to take in account shift of the period by ! + which may a priory move it out of the positive cone (i.e. period space of the Donaldson theory). Now in the localisation formula (5.2) the left hand side doesn't depend on f and we can consider one as a relation between the local polynomials. Using this relations we will compute the local polynomials precisely in a subsequent paper.
For this computation we will construct a purely geometric nite space MH 1 ( ; r), where 4r = (? +f) 2 ?p 1 is the number of points on X, as the space of "gluing parameters", (which doesn't depend on 2-cohomology class f) and the virtual vector bundle on MH 1 ( ; r) such that the intersections of -classes with the \top" Chern class of this bundle gives the local polynomials. These constructions are purely geometrical and here we can say \goodbye" to gauge theory, connections , moduli spaces and all the standard stu of Donaldson's Theory.
